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LEV A. BORISOV 

Abstract. We calculate chiral rings of the N — 2 vertex algebras 
constructed from the combinatorial data of toric mirror symmetry 
and show that they coincide with the description of stringy coho- 
mology conjectured previously in a joint work with A. Mavlyutov. 
This constitutes an important reality check of the vertex algebra 
approach to mirror symmetry. 



1. Introduction 

Mirror symmetry was originally formulated by physicists as a corre- 
spondence between IIA models constructed for one family of Calabi- 
Yau varieties with IIB models constructed for another family. IIA and 
IIB models are N = (2, 2) superconformal field theories. While the very 
notion of = (2, 2) superconformal field theory is not yet properly ax- 
iomatized, part of the structure of such a theory is a vertex algebra 
with an = 2 superconformal structure, which does have a rigorous 
mathematical meaning. Every smooth Calabi-Yau variety X gives rise 
to one such algebra, namely the cohomology of its chiral de Rham com- 
plex, which is a certain sheaf of vertex algebras on X, constructed in 
[T^ . Unfortunately, the definition of chiral de Rham complex involves 
only the complex structure of the variety, not the metric or i?-field. As 
such, it lacks instanton corrections and, at best, is only related to the 
large Kahler structure (radius) limit of the model. In the case of the 
smooth Calabi-Yau variety, the chiral rings of the IIA and IIB models 
are expected to give small quantum cohomology of the variety and the 
cohomology of the exterior powers of its tangent bundle. The chiral 
rings coming from the chiral de Rham complex capture the latter ring, 
but only give the usual cohomology product for the former. 

Vertex algebras of mirror symmetry are a particular class of vertex 
algebras with N = 2 structure. Their definition in was inspired 
by the calculation of the cohomology of chiral de Rham complex for 
the hypersurfaces in toric varieties, which is by far the most common 
case of mirror symmetry. They are defined in purely combinatorial 
terms as a cohomology of certain explicit differentials on the lattice 
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vertex algebras constructed from the combinatorial data that underlie 
toric mirror sjTumetry. In the hypersurface case, a given pair of dual 
reflexive polytopes (A, A*) gives rise to a finite-dimensional family of 
N = 2 vertex algebras Vf^g where / and g are parameters that can be 
thought of as elements of finite-dimensional vector spaces of complex- 
valued functions on the sets of lattice points of A and A* respectively. 
Parameter / simply encodes the coefficients of the defining equation 
of the hypersurface X in the ambient toric variety. Parameter g can 
be thought of as a defining equation of an element X* of the mirror 
family of Calabi-Yau varieties, but its geometric meaning in terms of 
the original Calabi-Yau X is far less clear. In the smooth hypersurface 
case, after modding out by the symmetries induced by the torus action, 
the space of g has the dimension equal to H^'^{X). It is conjecturally 
related to the metric and 5-field on X. In the more general case of X 
given by a complete intersection that corresponds to a nef-partition, 
the more appropriate language is that of dual Gorenstein cones, see 
While the algebraic results of this paper are applicable to this 
more general setting, in what follows we will focus on the hypersurface 
case of toric mirror symmetry. 

The basic premise of the vertex algebra approach to mirror symme- 
try is that the family of vertex algebras Vf^g is identical to the family 
of vertex algebras of IIA-IIB models in the toric case, under some, yet 
unknown, identification of the space of parameters g and the complex- 
ified Kahler cone of the Calabi-Yau hypersurface. At this moment this 
premise remains conjectural. Eventually, the hope is to give a mathe- 
matically rigorous geometric definition of the N = 2 vertex algebras of 
IIA-IIB models for a given metric and 5-field on an arbitrary Calabi- 
Yau manifold and then calculate it in the toric hypersurface case. On 
the other hand, the family of vertex algebras Vf^g is clearly compatible 
with the combinatorics of mirror involution (i.e. a switch of A and A* 
induces the mirror involution of the N = 2 structure). It has been also 
shown in ^ that in the smooth ambient toric variety case for a given 
choice of parameters / there is an algebraic family of vertex algebras 
which has Vf^g as its general fiber and has the cohomology of the chiral 
de Rham complex of X as a special fiber. Here g give the parameter 
space of the family. The author hopes that the process of going from 
Vf^g to the cohomology of chiral de Rham complex will eventually be 
interpreted as a mathematically rigorous counterpart of the physical 
procedure of going to the large radius limit. 

This paper shows that vertex algebras Vf^g pass two additional im- 
portant reality checks. First, for a generic choice of parameters {f,g) 
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the N = 2 vertex algebra Vj^g satisfies the positivity of Hamiltonians 
property expected of the vertex algebras of IIA-IIB models. 

Theorem 16.81 For strongly non- degenerate f and g the N = 2 vertex 
algebra Vj^g is of a-model type. 

Here we define an = 2 vertex algebra to be of a-model type if 
it satisfies the positivity, diagonalizability and finite-dimensionality of 
eigen-spaces of Hamiltonians Ha and Hb, see Definition 12.41 We re- 
mark that in the case of smooth ambient toric variety this result can 
be established via the degeneration argument. Indeed, the statement 
is obvious for the cohomology of the chiral de Rham complex of the 
hypersurface Xf given by a generic /. Since the cohomology of the 
chiral de Rham complex fits into an algebraic family with general fiber 
being Vf^g (see jS]), and the dimensions of graded components in such 
family can only jump at special fibers, the result follows. The au- 
thor thanks the referee for the suggestion to stress this point. The 
more direct approach of this paper has the advantage of avoiding the 
smoothness condition which holds true only for a small minority of the 
reflexive polytopes, especially in higher dimensions. In addition to giv- 
ing a direct proof of Theorem 16.81 our approach yields a more explicit 
description of the chiral rings, which was the main motivation of the 
paper. 

Our definition of chiral rings of = 2 vertex algebras of cr-model 
type follows closely that of .12^. They are defined as zero eigenspaces 
of Ha and Hb and are called A-ring and 5-ring respectively. The 
main result of this paper is that for a general choice of parameters 
(/, g) the chiral rings of the algebra Vj^g have the expected graded 
dimension, as given by the (stringy) Hodge numbers of the hypersurface 
X. Moreover, we give a rather explicit combinatorial description of the 
fields in the lattice vertex algebra which descend to the fields in the 
chiral rings of Vj^g. 

Theorem 17.61 Let / and g be strongly non-degenerate. Then both 
chiral rings of the N = 2 vertex algebra Vf^g are naturally isomorphic 
as vector spaces to the space 

Wf,g = ®ecKRi{0, f) ®c Ri{0*,g). 

Here the direct sum is taken over the faces 6 of the reflexive Goren- 
stein cone K associated to A, 6* denotes the dual face of the dual 
cone and Ri are vector spaces defined by Batyrev in P (see also [S]). 
We remark that this paper implies that Wj^g must possess two product 
structures, depending on whether we consider it to be the A-nng or the 
i?-ring of the algebra. Surprisingly, we can not at present define these 
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product structures in non-vertex-algebra terms. On the other hand, 
the y4-product structure on the "diagonal part" which corresponds to 
6 = {0} is well-understood and is illustrated in the famous quintic case, 
see Example 17.81 

We remark that the spaces Wj^g should be thought of as "(small) 
quantum stringy cohomology spaces", under the A-img product. The 
first explicit occurrence of this idea in the literature seems to be in [T^ . 
which contains an easier calculation of the chiral rings of the related 
family of vertex algebras that correspond to the situation when X is a 
toric variety rather than a Calabi-Yau. On the other hand, this idea 
is implicit in [Remark 8.6] and has been known to the author since 
then. Paper [TS\ also treats some Fano hypersurface examples. 

We would like to clarify the relation of our construction with the 
concept of stringy Hodge numbers of Calabi-Yau hypersurfaces in toric 
varieties. Toric mirror symmetry is best formulated for ample hyper- 
surfaces X (i.e. without partial resolutions of singularities) which are 
likely to be singular. There are two major reasons for it. First, in di- 
mension higher than three, Calabi-Yau hypersurfaces in toric varieties 
are unlikely to admit a crepant resolution of singularities. Second, 
even in dimension three, the crepant resolution of singularities is by 
no means unique. In fact different crepant resolutions often produce 
different cohomology rings. According to an idea of Batyrev, in the 
singular case the usual cohomology with the Hodge structure has to be 
replaced by some different double-graded vector space called stringy 
cohomology. While the graded dimension of the stringy cohomology 
vector space has been defined in great generality (see j3]), it is usu- 
ally rather unclear how to define the actual vector space. In fact, the 
author has been suggesting for a while that it may not be possible 
to construct a single stringy cohomology vector space. Instead, one 
should strive to introduce a family of such vector spaces that depend 
on a finite number of parameters. It was observed in 8J that in the 
case of hypersurfaces in toric varieties, there is a natural construction 
of a double-graded vector space of correct graded dimension, given by 
an analog of Wf^g above that takes into account the fan of the ambient 
toric variety. While it was conjectured to be the mysterious stringy 
cohomology space, it was not given a product structure expected of 
such a space. The current paper rectifies this problem, even though 
the product is not constructed explicitly. 

While we use some key results of and |H], this paper is mostly 
self-contained. It is written almost entirely in algebraic terms, in hopes 
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that it will be accessible to the specialists in the theory of vertex alge- 
bras. We are hoping to make the case that vertex algebras of mirror 
symmetry are rich and beautiful objects that warrant further study. 

The paper is organized as follows. In Section |21 we recall the defi- 
nitions of vertex algebras with N = 2 structure and their chiral rings. 
Section El contains the definition of the particular class of lattice vertex 
algebras relevant to this paper. In Section^we recall the combinatorial 
data of toric mirror symmetry and the definition of the vertex algebras 
of mirror symmetry. Section El contains basic definitions and properties 
of strongly non-degenerate coefficient functions which are a technical 
tool needed for this paper. Our main results are collected in Sections 
ini and [71 Finally, in Section |H1 we list some important open questions. 
We hope that they will not stay open for long. 

The author thanks the referee for suggestions on improving the ex- 
position. 

2. N=2 VERTEX ALGEBRAS AND THEIR CHIRAL RINGS 

In this section we recall the definitions of = 2 vertex algebras and 
their chiral rings. We first define vertex algebras, according to |10j. 

Definition 2.1. A vertex algebra V is first of all a super vector space 
over C, that is = Vq © Vi where elements of Vq are called bosonic 
or even and elements from Vi are called fermionic or odd. In addi- 
tion, there is a fixed bosonic vector |0) called vacuum vector. The last 
part of the data that defines a vertex algebra is the so-called state- 
field correspondence which is a parity preserving linear map from V to 



such that for fixed v and a all a(„)f are zero for sufficiently big n. This 
state-field correspondence must satisfy the following axioms, 
•translation covariance: {T,Y{a, z)}- = dzY{a,z) where {, }_ de- 
notes the usual commutator and T is defined by T(a) = a(_2)|0); 
•vacuum: Y{\0),z) = ly, Y{a,z)\0)z=o = a; 

•locality: {z — w)^{F(a, z), y(6, w)}::^ = for all sufficiently big A^, 
where =F is + if and only if both a and h are fermionic. The equality is 
understood as an identity of formal power series in z and w. 

Remark 2.2. We will usually write 0(2) in place of Yia^ z). The coef- 
ficients a(„) are called modes of the field a{z). For every two elements 
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a and b there is an operator product expansion (OPE) 

a(z)b(w) = > --+ : a(z)b(w) : 

1=1 ^ ' 

where the meaning of the symbols ^^r^ and : : in the above formulas 
is as in Chapter 2 of PUI . Operator product expansions is a convenient 
way to encode the (super-)commutators of the modes of a and b. 

Definition 2.3. An N = 2 vertex algebra is a vertex algebra V with 
the following additional structure. There are fixed bosonic elements L 
and J and fixed fermionic elements and G~ of V such that 

• ^(0) = T 

• is diagonalizable and satisfies {L(i), F(a, 2;)}_ = zdzY{a,z) + 
F(L(i)a, z) for all a E V. 

• Fields L{z), J{z),G^{z) satisfy the OPEs 

mHw) = (^ + f^ + ^+:L(.)LH: , 
L{z)J{w) = jm^ + '-^+:L{z)J{w): , 

Liz)GHw) = ^^^ + '--^+:Liz)GHw): , 

J{z)J{w) = ^+:J{z)J{w): , 

J{z)GHw) = ±^+: J(z)G±H: , 

G^{z)G^{w) = ± (Sf + ■■ GHz)G^{nj): , 

G^{z)G^{w) = : G^{z)G^{w): . 

Here c is a constant and we will call c = c/3 the central charge of the 
N = 2 vertex algebra. 

Let be an = 2 vertex algebra. We are particularly interested in 
the operators and J(o). OPE of L and J implies that and J(o) 
commute with each other. In all the situations that we will consider in 
this paper they will provide V with a double grading. The following 
definition is inspired by Ll2j . 

Definition 2.4. We call an = 2 vertex algebra y an A^ = 2 ver- 
tex algebra of a-model type if the eigenspaces Va of are finite- 
dimensional for all a and zero except for a G |Zi>o, and the operators 
Ha '■= L(i) — I J(o) and Hb '■= -^^(i) + \J(o) have only nonnegative integer 
eigenvalues. 

Remark 2.5. From the physicists' point of view the conditions above 
are satisfied for 9-quotients of the A^ = (2, 2) algebras constructed 
(empirically) from sigma-models on Calabi-Yau manifolds. The cen- 
tral charge of such algebra equals the dimension of the Calabi-Yau 
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manifold. The operators Ha and Hb are the Hamihonians for the two 
topological twists of the a-model, which explains the notations. In the 
case of smooth Calabi-Yau manifold, the A-ring should equal its small 
quantum cohomology while the S-ring should equal the cohomology of 
exterior powers of its tangent bundle. 

We now define chiral A-rings and chiral 5-rings of = 2 vertex 
algebras of a-model type as zero eigenspaces of Ha and Hb respectively. 
Letters A and B here stand for the rings of the topological quantum 
field theories of IIA and IIB models. The ring structures are provided 
by the following proposition. We formulate it for the A-ring with lu- 
ring case being completely analogous. 

Proposition 2.6. Let V be an N = 2 vertex algebra of a -model type. 
Let a,b & V be such that HA{a) = HA{b) = 0. Then all the modes 
of a and b super-commute and c{z) := a{z)b{z) is a field of V which 
corresponds to an element c with Ha{c) = 0. This provides the kernel 
of Ha with the structure of an associative super- commutative ring. 

Proof. The proof is essentially contained in |T2|. Consider the OPE 



of a and b. A standard calculation shows that the Ha grading of c* 
is negative, hence = for all i. As a result, the modes of a{z) and 
b{w) super-commute. The field a{z)b{z) corresponds to the element 
a(_i)6(_i) |0) which is easily shown to have Ha = 0, since a(-i) and 



Remark 2.7. We recall that mirror involution is the automorphism of 
N = 2 vertex algebra that does not change the vertex algebra V but 
moves L, J, G^, to L, — J, G^, G^ . Indeed, this change preserves the 
OPEs of A^ = 2 algebra. This involution switches A-rings and 5-rings. 

Remark 2.8. From physical considerations, one often expects to find a 
vector space isomorphism between the A-ring and the B-i'mg of a vertex 
algebra of cr-model type, given by the so-called spectral flow (see ^12ij). 
We will establish this isomorphism explicitly for the N = 2 vertex 
algebras considered in this paper, see Remark 17.91 It is important to 
keep in mind that spectral flow does not preserve the ring structure. 



In this section we will recall the definition of lattice vertex algebras 
in a particular case. Let M and A^ be two dual free abelian groups 




N 



preserve the Ha grading. 



□ 



3. Lattice vertex algebras 
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which will be fixed throughout this section. We denote the natural 
pairing of m e M and n & N by m ■ n and extend it by linearity to a 
pairing between and Nq. 

The infinite Heisenberg algebra associated to M®N is the associative 
C- algebra with generators m^°* and n^"'^ where m e Mc, n e iVc, 
i,j e Z. The relations are linear relations on m\°^ for a fixed i and 
^bos fQj. fixed j according to the relations in Mc and A^c, as well as the 
relations 

{mf^nf^}_ = i{m ■ n)5°+^., {m!'°%mf'}_ = {n,^''^nf*}_ = 0. 

Here {}_ denotes the commutator and 5 is the Kronecker symbol. 

Analogously, the infinite Clifford algebra associated to M ® has 
generators m{'^^"^ and nl^^^ for m E Mc, n G A^c a-nd i, j e Z + |. In 
addition to linear relations for fixed i or j, there are anti-commutator 
relations 

r ferm ferm^ i \ rO r ferm ferm^ r ferm faring r\ 

{m\ ,nj }+ = {m-n)6^^j,{m\ , m j }+ = {n^ , |+ = Q 

Remark 3.1. The superscripts hos and ferm stand for bosonic and 
fermionic respectively. 

We will consider the following representation of the direct sum of the 
Clifford and Heisenberg algebras. Let Fockoeo be the tensor product 
over all integers i < of the symmetric algebras of Afc and Nic tcnsored 
by the product over all half-integers i < of the exterior algebras of 
Mc and A^c- For i < the action of the generators m^"* and n\°^ on 
Fockoeo of the infinite Heisenberg algebra is defined as the multipli- 
cation by m\°'^ and n\°^ respectively. For i > the action of m\°^ is 
defined as i times the corresponding difi^crcntiation on the symmetric 
algebra of A^c for the index — i, and similarly for n^"*'. The action of 
the generators of infinite Clifford algebra is similarly defined by either 
multiplication or differentiation. Finally, the action of the generators 
mQ°'' and n^^'^ (which commute with all other generators and with each 
other) is defined to be zero. As will be apparent later, this is the reason 
for the subscript 0®0 in our notations for the space. Traditionally, the 
constant 1 in this product of symmetric and exterior powers is denoted 
|0,0). 

It is well-known that the space Fockoeo has a structure of a vertex 
algebra with |0,0) as its vacuum vector and the parity given by the 
number of the modes of m^^'^'^ and n-^^'""* modulo 2. The fields of this 
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algebra are linear combinations of normal ordered products of the fields 

term f '\ ferm — i— 1 



and their derivatives with respect to z. Normal ordered product means 
that the generators with positive modes are always applied first (see 
[TU]). We remark that, in particular, the fields m^°'^{z) correspond to 
the elements m}'°l\i), 0) which we will call m^"'^, abusing the notations. 
Similarly, we define n^"*, m^^"^^ and n-^*^^'™ as the elements that corre- 
spond to the above fields. We remark that while we have m\°'^ = m^^°^ 

and n\°'^ = n^°^'^ where the brackets in the subscripts signify the conven- 
tion from Definition 12. H we get m{'^^"^ = m^,^^^ and nf^'^™ = rJ':'^^ . 

We have not yet used the lattice structure of M and N, since we have 
only worked with their complexifications. We will now define a bigger 
vertex algebra FockjvfeAr which will contain Focko©o as a subalgebra. 
As a vector space, FockMeA^ is a tensor product over C of Focko©o and 
the group algebra C[M © A^]. We will denote the tensor product of 
|0, 0) with the basis element of the group algebra that corresponds to 
m©n e M®N by |m, n). We will denote the corresponding subspace of 
Fockjv/©Ar by Fock^^^, in agreement with our convention for Focko©o- 
Every element of Fock^®™ can be thought of as a polynomial in the 
generators of the infinite Heisenberg and Clifford algebras with negative 
modes applied to |m,n). 

Theorem 3.2. The vector space YookM^N has a natural structure of 
a vertex algebra. 

We omit the proof, since it is standard. However we will describe 
the fields of this algebra below to fix the notations. 

We extend the action of m}'°^{z) and n'^°'^{z) to FockM©Ar by requiring 
that mQ°'' and h^q'^ act by (m ■ n')id and (m' ■ n)id on Fock^'en' for all 
m' G M, n' G A^. The fermionic fields m-^'^'^™ and n^^"^"^ extend without 
any changes. As a result, the action of all fields of Focko®o extends 
to Fock^^^Tv- To describe the vertex algebra structure on Fock^eAr we 
also need the so-called vertex operators which will be the fields of the 
vertex algebra that correspond to the elements |m,n). 

Definition 3.3. ([IHl) Let 7m+n denote the multiplication by [m © n] 

in the semigroup algebra C[M © A^]. Then the field : e-'^ {■mf'"'' +n^°^){z) . 
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is defined by 

i<0 i>0 

and is called vertex operator for m® n. Here z'^o'" acts on Fock^/Q^/ 
by ^™--"o and similarly for z"o°° and (— l)™o°\ 

A general field of the vertex algebra Fock^^Tv is a linear combination 
of normal ordered products of one the fields e/("^'°'+"''°°)(") and the 
fields of Fockoeo where the normal ordering is taken with respect to 
the generators of Fockoeo- 

Remark 3.4. We will often omit normal ordering from our formulas 
to simplify the notations, since it will be present in all calculations. 

Definition 3.5. For any subset S* of M © we define the subspace 
Focks' of FockMffiTv as ®m®ni^s^ock.m®n- If 5* is a subsemigroup, then 
Focks' is a vertex subalgebra. 

4. Vertex algebras of mirror symmetry 

In this section we recall the combinatorics of the toric mirror sym- 
metry and define certain families of iV = 2 vertex algebras in terms of 
this combinatorics. These algebras have been first introduced in pj. 

The fundamental notion of the toric mirror symmetry is that of a 
pair of dual reflexive Gorenstein cones. As in the previous section, we 
fix a pair of dual lattices M and A^. We recall that a rational polyhedral 
cone is the intersection of a finite number of closed rational halfspaces. 
We will also assume that a cone does not contain any sublattices. The 
dual of a cone K is defined as the set of all elements of the dual rational 
vector space that are nonnegative on K. 

Definition 4.1. ( 4 ) Let K and K* be rational polyhedral cones in M 
and A^ respectively that are dual to each other. These cones are called 
reflexive Gorenstein cones iff there exist lattice elements deg G K and 
deg* G K* such that the lattice generators m of all one- dimensional 
faces of K satisfy m ■ deg* = 1 and the lattice generators n of all one- 
dimensional faces of K* satisfy deg-n = 1. The number deg -deg* is 
called index of the pair of reflexive Gorenstein cones. 

Definition 4.2. Let K and K* be dual reflexive Gorenstein cones. We 
denote by A (resp. A*) the set of points of m G ATlM (resp. A'* fl A^) 
that satisfy m ■ deg* = 1 (resp. deg -n = 1). These are polytopes of 
dimension rkM — 1. 
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Remark 4.3. For the readers familiar with the mirror symmetry for 
hypersurfaces in toric varieties, we remark that in the case of index 1 
the polytopes A and A* are reflexive (see 0). In a more general case 
of a Calabi-Yau complete intersection of k hypersurfaces, associated to 
a nef-partition, one gets reflexive Gorenstein cones of index k (see |4jj). 
Although not all reflexive Gorenstein cones come from this construc- 
tion, their number is known to be finite in any given dimension. 

To define vertex algebras of mirror symmetry we will need additional 
data, namely a pair of coefficient functions / : A ^ C and g: A* —>■ 
C which assign a constant to every lattice point of A and A*. The 
terminology is justified by the fact that in the hypersurface case these 
functions give the coefficients of the defining equation. 

Definition 4.4. A coefficient function / is called nan- degenerate iff 
the quotient of the semigroup ring C[K] by the ideal generated by the 
elements Zn = Y2meA /('^)(^ ■ ?t-)[?tJ'] for n E N is finite-dimensional. 
Here [m] denotes the element of C[K] that corresponds to the element 
m E K. Non-degenerate functions g are defined similarly. 

One can show (see [I] or [5]) that the non-degenerate functions / 
form a Zariski open subset in the set of all possible /. Moreover, for 
any basis {uk} of and any non-degenerate /, elements z^^. form a 
regular sequence in C[i^]. 

We are now ready to describe the vertex algebras of interest. 

Definition 4.5. Let K and K* be dual reflexive Gorenstein cones. 
Let / and g be non-degenerate coefficient functions for K and K* 
respectively. Then the vertex algebra of mirror symmetry Vj^g is the 
cohomology of the lattice vertex algebra ¥oc]^M®N with respect to the 
operator Df^g = Df + Dg where 

Df := Res,=o fim)m^^'^"^{z)e^"''""^'\ 

mgA 

Dg := Res,=o J2 ^7(^)^^'^'"(^)e^ 
TieA* 

We remark that an easy OPE calculation shows that = Dg = 
DfDg + DgDf = 0, so the above operator is indeed a differential. The 
vertex algebra structure on FockjvfeAf induces a vertex algebra structure 
on the cohomology by -D/,g. Moreover, one can endow Vf^g with N = 2 
structure by considering the elements G~^, G~ , J, L that correspond to 
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the fields 
(1) 

-lEklm''y''''^{z)d,{n''y''-'^{z) - Ideg'^'iz) - |(deg*)^°^(z) 

where {m'^} and {n^} are (any) dual bases of Mq and A^c- 

Proposition 4.6. Elements G^, J, L lie in the kernel ofDf^g and there- 
fore descend to its cohomology. The central charge of the resulting 
N = 2 algebra is rkM — 2 deg • deg* . 

Proof. This is a standard calculation in OPEs and is left to the reader. 

□ 

5. Strongly non-degenerate coefficient functions 

The setup for this section is the following. Let iiT be a cone in M 
such that there exists an element deg* & N — Hom(M, Z) such that 
the values of the linear function deg* : M — > Z on the minimum lattice 
generators of one-dimensional cones of K are 1. We will denote the 
natural pairing M x ^ Z by ■. In the applications of this paper the 
cone K will be reflexive Gorenstein, but we only need the above weaker 
condition. We denote by A the set of lattice points m e K that satisfy 
m ■ deg* = 1. As before, deg* provides the semigroup ring C[K] with a 
grading and every coefficient function / : A ^ C gives a homogeneous 
element of degree one in C[K]. 

We recall that for any basis {rii} of Nc and any non-degenerate / the 
elements z^ form a regular sequence. We now introduce a technical 
notion of strongly non-degenerate coefficient functions, which will be 
used in the next section. Let Hq be an element of A^. It provides C[K] 
with additional grading -no which may or may not be nonnegative. Let 
{nj},i = 1, . . . ,rkA'" be a basis of N. We define Zij to be the j-th 
graded component of the element Zi := Zn^ with respect to the -no 
grading. We consider all values of -no that occur for some m G A, but 
some of the Zi^ may well be zero. We will denote the set of possible 
values of m • no by /(no). 

We then consider the Koszul complex associated to the sequence of 
elements e 'C[K] with j e I (no). It is given by 



(2) 
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where A means the exterior algebra and the differential is given by 
d — '^ij-i{ei,j)zij. Clearly, the cohomology W{f;no) of this complex 
is independent from the choice of the basis {rij}. 

Proposition 5.1. For every non- degenerate f and every no the space 
W{f; no) is finite- dimensional. 

Proof. Denote by jmin the smallest element in I (no). The vector space 

E — ®i ®jei{no) is the direct sum of the subspace Ei generated by 
= ^ijmin subspace E2 generated by e' ^ = ej j — eij^^^,j > 

jmin- The direct sum decomposition E = Ei Q) E2 induces the decom- 
position 

A''^; = ®k+i=r El ®c ^^E2. 
We use this decomposition to realize the Koszul complex associated to 
the sequence of elements Zij G C[K] as the total complex of a double 
complex. Namely, we can decompose the differential d on AE ®c C[i^r] 
as d — di + d2 where 

di = ^j{ei)zi, d2= ^ j{eij)zij. 

» i,j>jmin{no) 

Here we have used Zi — Zij. 

In view of the spectral sequence for the double complex, to show that 
W{f; no) is finite-dimensional, it is enough to show that the cohomol- 
ogy of AEi ®c A£^2 ®c with respect to di is finite-dimensional. 
This cohomology is isomorphic to the tensor product over C of AE2 
and the cohomology of AEi ®c C[K] with respect to di. The latter is 
simply the Koszul complex for {zi}, so the statement follows from the 
assumption that / is non- degenerate. □ 

Definition 5.2. A non-degenerate / is called strongly non- degenerate 
if for each no the dimension of W{f, no) is minimum among all possible 
choices of the coefficient functions. 

Proposition 5.3. Strongly non- degenerate functions form a Zariski 
open subset of all coefficient functions. 

Proof. Indeed, while there are infinitely many different choices of no 
they lead to only finitely many choices for {zij}, since A has only 
finitely many points. For each such choice the minimality of the di- 
mension of the quotient is a Zariski open condition. □ 

Observe that we have not used the double grading by ■ deg* and 
■no in the definition of strongly non-degenerate /. However, W{f,no) 
does inherit a double grading from C[K] since the Koszul complex is 
taken for a sequence of homogeneous elements. There is a unique, up 



14 



LEV A. BORISOV 



to a shift, way to endow the Koszul complex with the structure of 
the double-graded module over C[K], in a way to make its differential 
gr ading-preserving . 

Proposition 5.4. Let f be strongly non- degenerate. Then for every Uq 
the dimension of each double-graded piece of W{f, uq) is the smallest 
among all possible choices of f . 

Proof. It is clear that the dimension of each graded component W{f, uq) 
is at least as big as it is for a general choice of /. However, the sum 
of the dimensions is the same as for the general coefficient function, 
which means that all graded dimensions are minimum. □ 

We will also need to consider partial semigroup rings^. Namely, 
let T he a regular triangulation of A. The regularity condition is 
best described in terms of the corresponding decomposition ^ of K 
into simplicial cones. It means that there is a real valued continuous 
function h on K which is linear on each cone and satisfies the convexity 
relation 

h{x + y) > h{x) + h{y) 
for all x,y ^ K where the equality holds iff x and y lie in the same 
cone of Moreover, h can be picked to have integer values on the 
lattice points of K. We can define the partial semigroup ring C[K]'^ 
by redefining the product of monomials [m] [mi] to be [m + mi] if m 
and mi are in the same cone of $ and zero otherwise. It has been 
shown in |H| that C[ii']* is a Cohen- Macaulay ring. Moreover, if we 
introduce the notion of non-degenerate coefficient function for C[ii']*, 
such functions form a Zariski open subset (see 0). As a consequence, 
the theory developed in this section transfers immediately to C[-ft']* in 
place of C[ii"]. We will write * to indicate the partial semigroup theory. 

We will be interested in the relation between the dimensions of the 
double-graded components of iy(/*,no)* and W{f,nQ). 

Proposition 5.5. Let f be a strongly non- degenerate coefficient func- 
tion for C[K] and let f'^ be any non- degenerate coefficient function for 
C[K]'^ . Then for a fixed uq and a fixed value of the double grading, the 
dimension of the double-graded component ofW{f,nQ) does not exceed 
that of the corresponding component o/ ng)*. 

Proof. The regularity of triangulation allows us to see C[-ft']* as a cer- 
tain limit of C[-ft']. Namely, consider a family of multiplication struc- 
tures *q on the vector space C[K] by defining 

[m] *g [mi] = [m + r7ii]g^('^+^'"i)-'^("^)-'^("^i) 

^These have been called deformed semigroup rings in our earlier papers. 
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where h is the function from the definition of regularity. For g 7^ 
the resuhing ring is isomorphic to the ring C[K] under the rescahng 
[m] — s> [mjg'^*^™-'. At g = the resulting ring is precisely C[i^]*. 

Consider the family of Koszul complexes with fq = Since /* is 
non-degenerate for C[ii']*, the dimension of the co homology at g = 
is finite. Since this construction is compatible with the double grading 
which has finite-dimensional components, it implies that the dimen- 
sions of the graded components of the cohomology of the Koszul differ- 
ential at g 7^ do not exceed those for g = 0. On the other hand, the 
Koszul complex at g 7^ is isomorphic to the Koszul complex for C[K] 
and the coefficient function fq{m) = f"^ {m)q~^^^\ Finally, by Propo- 
sition 15.41 the dimensions of the graded pieces of the cohomology of 
the Koszul complex for / do not exceed those for any other coefficient 
function, so in particular they do not exceed those for fq. □ 

6. Main Theorem 

The goal of this section is to show that for general choices of / and 
g the vertex algebra Vf^g is of cx-model type. We will also describe the 
subspaces of the fields of the lattice vertex algebra which descend to 
the chiral rings of V/^^, although we defer the more explicit calculation 
of A- and i?-rings of the algebra until the next section. 

The following proposition describes the action on ¥oc]^m®n of the 
operators L(i) and J(o) of the N = 2 structure defined in Section HJ 

Proposition 6.1. Consider an element 

V = \[{mn'x Wi^n nK)-r n(^^)-ri^' ^) 

pgr s 

where m^, m** G Mc and n'^, n'^ G N^. Then 

= {rh ■ h + ^ deg -h + ^rh ■ deg* 

+ EpV + EgJg + Er< + Js)^ 

Jio)V = (deg ■fi-fn- deg* + Er 1 " 1)^- 

Proof. The zeroeth modes of deg^°'^(z) and {deg*)^"^ {z) act on Fock^^^j 
by multiplication by deg -h and m ■ deg* respectively, which accounts 
for the terms with deg and deg* in the above formulas. The rest is 
a standard calculation in free bosonic and fermionic fields (see jTUI 
Sections 3.5, 3.6]). □ 

Corollary 6.2. In the notations of the above proposition, the operator 
Ha is given by 

Hav = (m ■ (deg* +n) + ^ V + J. + -\) + Y^^fs + ^))^- 

pgr s 
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Proof. Operator Ha was defined as — ^^(o), so it remains to use 
Proposition 16.11 □ 

We first give some estimates of tlie cofiomology of Fock^^Ar by Df. 
Wfiile Ha has some negative eigen-values on Focki^^Ar due to tfie rh ■ 
(deg* +n) term in Corollarv 16. 2[ it turns out to be nonnegative on the 
Df cohomology, at least for a strongly non-degenerate /. 

Proposition 6.3. For a strongly non- degenerate f the Df -cohomology 
o/ Fock/^0jv has only eigenspaces of Ha > 0. Moreover, the Ha = 
eigenspace comes from FockKs)(K''-deg*) ■ 

Proof. Clearly, Df does not change the A^-grading. Let us fix for a 
moment uq E N and work in Vng = Fockx^^g. If no lies in K* — deg* 
then Ha is nonnegative on VnQ. As a result, it is enough to show that 
for no ^ K* — deg* the values of Ha on Df cohomology of \4o are at 
least 1. 

From now on we will assume that no ^ K* — deg*. The space Vng 
is filtered by the spaces Wk defined as the span of all elements v of 
Proposition 16.11 with 1 — 1 > fc, i.e. the number of bosonic 
modes of coming from lattices M minus the number of bosonic modes 
coming from lattice N is at least k. Since Df is a. linear combination 
of products of some modes of m-^*^^™ and some modes of qI ^ it 
preserves the filtration. Together with ■ deg* grading, this provides Vn^ 
with the structure of the filtered complex, with Df as its differential. 

Notice that the filtration by Wk is also compatible with Ha grading, 
so it is enough to consider a fixed eigenvalue of Ha- For every value 
of - deg*, there are only finitely many possible m E K. As a result, 
Corollarv 16 . 21 shows that the dimension of the corresponding eigenspace 
of Ha in the fixed ■ deg* graded component of Fock^^no is finite. As 
a result, the {Wk} filtration is finite, which assures the convergence 
of the spectral sequence of the filtered complex. So to show that a 
certain iJ^-component of Df cohomology of Vng is zero, it is enough to 
show that the cohomology of the differential d induced hj Df on the 
if^-component of Wk/Wk+i is zero for all k. 

Let us consider the action of d on (BkWk/Wk+i. Recall that 

Df= (fdzJ2 f{m)mf"'"'{z)e^'^""^'\ 

The only mode of e-l^ that acts non-trivially on Q)kWk/Wk+i is 
given by the shift 7^- As a result, the action of d on ®kWk/Wk+i is 
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given by 



where Im depends on m and no only. In fact, 



(3) Im = m ■ {no + deg*) - - = m ■ no + -. 



It can be derived, for instance, from the fact that Df commutes with 
Ha and therefore does not change the Ha grading. 

As before, we denote by /(rio) the set of all possible values of m ■ no 
for m G A. The action of d on (BkWk/Wk+i really comes from its action 
on the space 



Here Fj is (Mc) for j + ^ < and (A^c)_ Ti otherwise. Namely, 

the space (BkWk/Wk+i is the tensor product of Uno and the polynomial 
algebra in all other non-positive modes of m'^os ^^bos ^^ferm^^ferm^ ^^^^ 

the action of d comes from the Uno component of this tensor product. 
Hence, the cohomology of d is the tensor product of its cohomology on 
Uno t'^is other space. Clearly, extra non-positive modes can not 
decrease the value of Ha so it is enough to show that the cohomology 
of d on Una has the desired properties with respect to Ha grading. At 
this point one can forget about vertex algebras and talk simply about 
the action of ci = ^nieA /("^)["^] space Ung. The action 

of is either multiplication or contraction, depending on whether 

or not j + ^ < 0. 

The key observation is that this complex is precisely isomorphic to 
the Koszul complex considered in Section El To see this, we consider 
the isomorphism between ®je/(no) A Fj and A(©j ffije/(no) of 

given as follows. Let {nt} be a basis of and let {mj} be the dual 
basis of M. For j + | > we can identify Fj with (BiCcij by mapping 
{ni)^_^^^i to Cij. Then the part of the differential d 




(4) 



^ f{m)[m](g) 



ferm 



corresponds exactly to the part of the Koszul differential 



(5) 
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For j + l < we identify AFj ^ A(Mc)-^'T with A(©iCeij) by mapping 



kj;;t A . . . A (m j;;t 

to 

(jCio j) . . . (jCi^ j) ^eij A ... A CrkATJ j • 

This has an effect of changing the multiphcation action of into 

the contraction action by a hnear combination of Cij, and once again 
(j^ translates into (0). We will now use Proposition 15.51 

Recall that no does not lie in K* — deg*, which means that at least 
one of the Im is negative. Let us fix this m and call it m. Consider the 
regular triangulation of A so that m is contained in any nonboundary 
simplex. Such a triangulation can be constructed from the following 
collection of heights on lattice points of A. Assign rh height and 
assign all other lattice points of A heights that are generic and close 
to 1. Clearly, every simplex of maximum dimension of the resulting 
triangulation of A contains m. Moreover, every nonboundary simplex 
of this triangulation contains rh. Otherwise, it can be extended to a 
nonboundary simplex of codimension at most one with the same prop- 
erty. Such a codimension one simplex is a boundary of two simplices 
of maximum dimension, only one of which can contain m. We denote 
by $ the fan on K that corresponds to this triangulation. This trian- 
gulation allows us to redefine f/„o by redefining the product structure 
on C[K] as in Sectional We will denote the corresponding space by 
U^^. The new differential will still be denoted by d, abusing the nota- 
tions slightly. By Proposition 15. 5t it is enough to show the vanishing 
of Ha < cohomology of U^^. In fact, it is enough to show this for one 
specific value of /, namely the one that has values 1 for all vertices of 
A and values otherwise. 

We denote by $(A;) the set of nonboundary cones of $ of dimension 
k. We can write U^^ as the cohomology of the complex S 

^ E'''^' ^ E'''^'-^ ^ . . . ^ 

where 

^' = ©c6#(fc)C[C]® JJac 



irkM 



and the differential d' is constructed from the restriction maps with 
signs coming from some choices of orientation on the cones. Indeed, for 
every m & K the part of this complex with this M-grading comes from 
nonboundary cones of $ that contain m. It is isomorphic to a complex 
that calculates reduced homology of a sphere times Yli AC"^*^. More 
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importantly, the action of d on the cohomology of U^^ is induced from 
the following action on the above complex. The action of d on C[C] ® 

n, Ac"^^'^ is 



(6) 



dimC 



i=l 



where rrij are the generators of one-dimensional faces of C, /j is a short- 
hand for and mj act by either multiplication or by contraction. It 
is easy to see that d and the differential d' of S can be combined to get 
a double complex. 

Since the cohomology of S with respect to d' is concentrated at the 
first column, its cohomology with respect to the total differential d + d' 
is the same as the cohomology of f/*^ with respect to d. On the other 
hand, there is a spectral sequence that converges from the cohomology 
of the total space of £ with respect to d to the d-cohomology of f/*^. 
As a result, it is sufficient to check that the d-cohomology of C[C] ® 
AC'^^^ by the differential of (0) has zero Ha eigenspaces for non- 
positive eigenvalues. If we recall how the Ha grading is defined, it is 
easy to see that it is sufficient to consider the case of dimC = rkM. 
Indeed, in the general case we can see that the complex is a product 
of a complex that involves the exterior algebras of C-span of C and its 
dual and a vector space of nonnegative Ha grading. Analogously, we 
can ignore all AC'^*^ for Im that are not among /j. 

Let's denote the space C[C] Hi, AC'^'"^^ by V. Denote by {rii} the 
basis of Nq dual to {nii}. As a graded space with a differential, V is 
isomorphic to W ^ C[C] x Y[. ACcj where W is some non-negatively 
graded vector space with the differential coming from d and Cj stands for 
either rrii or rzj depending on the sign of /j. This complex is isomorphic 
to W times the Koszul complex for the regular sequence {[mj]}. As a 
result, the rf-cohomology is given by W tensored with ©mGBox(c)C[m], 
which is the quotient of C[C] by the ideal generated by {[mj]}. Box(C) 
is defined as the set of all m G M that have coordinates in [0, 1) in 
the basis {rrii}. However, there is an additional shift in the grading 
due to the fact that isomorphism with the Koszul complex occurs only 
after switching from the multiplication to the contraction. This adds 
^;.^q(— /j — |) to the eigenvalues of Ha- 

If m = C'if^i) then the value of Ha on the element [m] is 



(7) ^aifm ■ (no + deg*) - ^^(/i + -) > ^(a, - !)(/, + -) 

i li<0 li<0 
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where we have used ■ (no + deg*) = /j + |. This number is positive 
since by our construction there is at least one k < — |, namely the one 
that corresponds to m. □ 

Remark 6.4. A slightly weaker version of Proposition 16.31 is proved 
in Section 9 of 6J. However, the degeneration argument presented 
there only shows this statement for a generic rather than general /, 
i.e. one may have to exclude countably many Zariski closed subvari- 
eties. The argument of this paper is more direct and assumes only that 
/ is strongly non-degenerate. We don't know if the statement holds 
for arbitrary non-degenerate /, although we have no examples to the 
contrary. 

We can generalize Proposition 16.31 to other eigen- values of H^. 

Proposition 6.5. Let f be strongly non- degenerate. Then for ev- 
ery k > the corresponding eigenspace of Ha on D f-cohomology of 
¥oc]^K®N comes from ^oc]<iK®(K* ~r dcg*) for some sufficiently big r . 

Proof. We follow the proof of Proposition 16.31 At the very last step we 
observe that if r is big enough, then U that corresponds to rh will be 
sufficiently negative to assure that ^i.<o('^« ^ + |) in © is bigger 
than k. □ 

Theorem 6.6. Let f and g be strongly non-degenerate. Then Dj^g- 
cohomology of FockM®Af has only nonnegative integer eigenvalues of 
Ha- Moreover, the Ha = eigenspace comes from ¥oc]<LK®(K*-deg*)- 
The operator Hb also has only nonnegative integer eigenvalues on Vf^g 
and its kernel comes from Fock(i^_deg)®ii-* ■ 

Proof. First of all, it suffices to look at the g-cohomology of = 
Fock/^0jv. Indeed, the proof of Proposition 8.2 of [Uj for the partial 
lattice vertex algebra Fock^^^ transfers easily to our case. 

Now consider v G Ker(Dj g) such that Hav = av for a < 0. Differen- 
tials Df and Dg give V the structure of the double complex, where the 
double grading is provided by (deg ■, ■ deg*). Differentials Df and Dg 
increase this grading by (0, 1) and (1, 0) respectively. Let v = f,fa,fe 
be the double-graded decomposition of v. It is enough to consider the 
case of a -|- 6 = A; for a fixed k, so we have v = Vi where the dou- 
ble grading of Vi is {k — i,i). The condition Df^gV = implies that 
DgViJ^i = DfVi. Let j be the maximum i such that fj 7^ 0. We have 
DfVj = 0, so by Proposition 16. 3[ there exists a w such that DfW = Vj. 
Then v — Df^gW is again in the kernel of -D/,g, but it now has a smaller 
value of j. By applying this procedure sufficiently many times, we can 
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get j < 0, which imphes that all Vi are zero, since • deg* is nonnegative 
on V. 

The Ha = statement is proved similarly. Let Df gV = Hbv = 
0, where v = Vi is as above. Let j be the maximum value of i 
such that Vi ^ Focki^®(i^._deg*)- Then we have DfVj = DgVj+i G 
Focki^0(x*-deg*)- Since Df preserves the iV-grading, the A^-graded part 
Vj of Vj that is supported outside of i^* — deg* satisfies DfVj = 0. Then 
by Proposition 16.31 there exists w & V and such that Vj = DfW. The 
difference v — Df gW will have smaller j, which eventually leads to the 
situation where all Vi G Fockx©(_fs:*-deg*)- 

It is clear from Corollarv 16 . 21 that the eigenvalues of Ha are integers. 
Finally, the statements for Hb are obtained by switching K and K*. 

□ 

Remark 6.7. Similarly, we can use Proposition 16.51 to show that for 
each k Hb = k eigenspace of Vf^g comes from ^oc]<.K®{K'-rdeg*) for a 
sufficiently big r. 

Theorem 6.8. For strongly non- degenerate f and g the N = 2 vertex 
algebra Vj^g is of a-model type. 

Proof. It is clear that Ha and Hb are diagonalizable on Vf^g. By The- 
orem 16.61 the eigenvalues of Ha and Hb are nonnegative integers. It 
has been shown in fT*, Lemma 4.5] that the common eigenspaces of L(i) 
and J(o) of Vf^g are finite-dimensional. Since L(i) ± \ J{q) > 0, there are 
only finitely many such common eigenspaces for a fixed value of -Z^(i), 
which proves that the eigenspaces of are finite-dimensional. It is 
also clear from Proposition 16.11 that the eigenvalues of are in ^Z, 
which finishes the proof. □ 

7. Relation to the conjectural description of stringy 

cohomology 

In this section we examine the structure of the chiral ring of Vf^g 
in more detail and connect it to the description of quantum stringy 
cohomology suggested in |8j. 

Let K and K* be dual refiexive Gorenstein cones and let / and g 
be strongly non-degenerate coefficient functions. Consider the ideal in 
the semigroup G^K © K*] generated by [m © n], m ■ n > 0. Denote the 
quotient by this ideal by C[L]. Consider the space V = A{Nc) ® C[L] 
where, as usual, A means the exterior algebra. We recall the following 
lemma. 
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Lemma 7.1. ^ The space V is equipped with a differential d given by 
d := /(m) jm [m] + g{n){f\n) ® [n] 

m n 

where [m] and [n] means multiplication by the corresponding monomials 
in C[K] (g) C[fr*] acting on the module C[L], An means multiplication 
by n in the exterior algebra and j means contraction in the exterior 
algebra. 

Remark 7.2. In view of the isomorphism A(A^c) — A(Mc) one could 
switch the roles of M and N in the construction of V and d without 
altering the resulting cohomology vector space. This is related to spec- 
tral flow isomorphism between the A- and i?-rings of Vf^g, see Remark 
US 

It has been shown in Section 10] that the cohomology of V with 
respect to d is isomorphic as a vector space to the conjectural descrip- 
tion of (quantum) stringy cohomology, in the case of a hypersurface 
or a complete intersection induced by a nef-partition. We will now 
observe that this space is also isomorphic to the 5-ring of Vf^g. 

Proposition 7.3. Cohomology H of V with respect to d is naturally 
isomorphic to the B-ring ofVf^g. 

Proof. By Theorem 16 . 61 and the definition of the 5-ring of Vf^g, it comes 
from Fock(/^_deg)ei^* • Since Df g commutes with Hb, the _B-ring of 
Vf^g is equal to the Df g cohomology of the Hb = eigenspace of 

Fock(j^_deg)©ii-*- 

By Proposition 16 . II and definition of Hb, 
Hbv = ((m + deg) ■ n + '^ip + '^jg + + ^) + - ^))v. 

p q r s 

As a result, the Hb = eigenspace of Fock(ii:„dcg)ffii^* is spanned by 
products of n^^l"^ and |m — deg, h) with m-h = 0. So this eigenspace is 

isomorphic to V, and it remains to show that the action of d in Lemma 
El is precisely the action of Df g. 

Let us calculate the action of <f m-^'^'^'^{z)e-^ ™ dz on w|m — deg, h) 
where if is a product of ri^^T™- Since the image will again satisfy 

2 

Hb = 0, it has to be of the same form. As a result, the only mode of 
^ferm ^g^^i givc a uouzcro contribution will be m{'^^™' that acts by 

2 

a contraction on w. Similarly, we must have m ■ n = 0, since otherwise 
we move out of Fock^. Since we are taking the count of the degree 
of z forces the corresponding mode from e-'^'"''"''-^'' to be a shift 7^- 
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The action of § n^^'^"^{z)e-^ '^^""'^^^ dz on w\rfi — deg, n) is calculated 
similarly. We need to have m ■ = 0, and the mode of n^'^'^"^ has to be 
^ferm^ which acts by multiplication. Then the count of the degree of z 

forces us to have 7„ for the mode of e-'^ " _ 

We have thus shown that -D/ + Dg and d have identical actions on 
V , which finishes the proof. □ 

In fact, by the results of |Hj, we can quite explicitly calculate chiral 
rings in terms of the spaces Ri{9, f) which we will now define. Let / 
and g be non-degenerate coefficient functions. For every face 6 of the 
Gorenstein cone K we will abuse notations and denote the restriction 
of f to 6 by the same letter /. Then / is non-degenerate for 6 as well. 
We consider the ideal // of C[^] generated by the restrictions of the 
elements Zi to C[6]. Let C[^°] be the ideal of C[6] which corresponds 
to the interior of 6. 

Definition 7.4. The natural inclusion <C[9°] C[6] induces a (non- 
injective) map 

c[e°]/ifC[e°] c[e]/ifC[e] 

and we denote its image by Ri{9, /). 

Remark 7.5. Spaces Ri{6,f) have been considered very early in the 
context of mirror symmetry, see pp. The graded dimension of Ri{6, f) 
has been calculated in [H^. In the case of simplicial 9 it can be ob- 
tained by a simple inclusion-exclusion formula in terms of various 5*- 
polynomials of the faces of 6. More generally, it also involves (intersec- 
tion cohomology) G-polynomials of the partially ordered set of faces of 

e. 

For a face 6 C K we denote by 6* the dual face of K*, defined as the 
set of elements of K* which are zero on 6. 

Theorem 7.6. Let f and g be strongly non- degenerate. Then both 
chiral rings of the N = 2 vertex algebra Vj^g are naturally isomorphic 
as vector spaces to the space 

Wf,g = ®ecKRi{0, f) ®c Rii0*,9). 

Proof. We combine jHl Theorem 10.2] with Proposition 17.31 for the B- 
ring case. The A-ring case differs by a switch of M and and thus 
follows from the S-ring case. □ 

Remark 7.7. In fact, the isomorphism between the A- or i?-ring and 
Wf^g is pretty well-understood. We will state it for the A-rmg. Let 
^e{z) be the field (mi)-^^™(z) . . . (mdime)-^'""™(-z) of Fock^eA^ where 
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mi, . . . jTUdime is a basis of 6c. This is well-defined up to a constant 
factor. Then the part of the A-ring that corresponds to 6 in Wf^g comes 
from linear combinations of the fields of the form 



for m E 9° and n G {9*)° . The proof of this statement follows from the 
argument of |8i Theorem 10.2]. It is rather non-trivial, as we will see 
from the example below. 

Example 7.8. Let ^\ be the reflexive polytope in with vertices 



hi = (1,0,0,0), h2 = (0,1,0,0), hs = (0,0,1,0), n4 = (0,0,0,1), 



and ris = (— 1, — 1, — 1, — 1). The only other lattice point in is 
fiQ = (0, 0, 0, 0). We remark that this corresponds to the famous quin- 
tic example. We consider the corresponding cone K* C © Z and 
introduce rij = {hi, 0). The convex hull of {rii} will be denoted by A*. 
Notice that uq = deg*. It is rather straightforward to see that in this 
case Ri{9*, g) is zero unless 9* = {0} or 9* = K* . The space i?i for zero- 
dimensional face is one-dimensional, so according to Theorem 17.61 the 
A- and 5-rings are isomorphic as vector spaces to Ri{K, f)Q)Ri{K* , g). 

We will only describe the Ri{K*,g) part inside the A-ring, which 
turns out to be a four- dimensional vector space. It corresponds to ^ = 
{0}, so according to Remark ITTl we need to look at linear combinations 
of the fields of Fockjv/eAf of the form 



for n G {K*)°. It is clear that all such fields commute with the dif- 
ferential Df^g and therefore descend to Vf^g. It is also clear that they 
satisfy Ha = and hence descend to elements of the A-hng. 

Let us fix a non-degenerate coefficient function g, i.e. six complex 
numbers g{ni), i = 0, . . . ,5. For every m E M and every n G K* the 
field m-^'^^"^{z)e-f ""'^^^ anticommutes with Dj and gives 



when acted upon by -D/,g. As a result, if we identify the space of fields 
of the form (jHJ with C[(A'*)°], we see that the map to the A-ring passes 
through the quotient C[{K*)°]/ IgC[{K*)°]. In this particular example, 
this means that it is enough to consider the linear combinations of the 
fields eJ'^"o"(^) for k = 0,1,2,3,4. We leave some easy commutative 
algebra calculations to the reader. 

It is much more difficult to see that the map from C[(-ft'*)°] to the 
A-ring passes through Ri{K*,g). This means that in fact e-'^^"""'*-^-' 




n''°''{z)-nl'"'{z) 



5 




i=0 
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maps to zero in the A-hng. Denote by mj, i = 1, . . . , 5 the elements of 
the cone K that correspond to vertices of the dual polytope A. More 

specifically, they will be given by (4, —1, —1. —1, 1), (—1, 4, —1, —1, 1), 
(-1, -1,4, -1, 1), (-1, -1, -1,4, 1) and (-1, -1, -1, -1, 1) respectively. 
Their scalar products with rij are {rrii ■ Uj) = bdj for j > and 
{rrii ■ no) = 1. 

Consider the fields 

R^^z) = ^rnf ""*(z)e-/'("2+"3+"4+n5-no)''-(.) 

R^(z) = ^m|^''"*(^)e/("3+n4+n5)''-W 

R^(z) = 53]|^m{'""^(z)ei'("^+"5+"°)'"'^(^) 
RJz) = -^M^mf'"^(^)e/("«+2no)''-W 

/ 5*9192 0394 4 \ / 

We observe that DfR^^z) = for all i = 1, . . . , 5. Indeed, when we 
write OPE of m^^'^'^{z)e^ with Ri{w) for some m e A, we will 
only get a pole at z — w for the bosonic part when m — mi. However, 
in this case the fermions contribute a zero of order one which cancels 
the singularity. There are no poles in the bosonic parts of OPE for any 
of the other R^, since the exponents lie in K*. 

On the other hand, when we calculate DgRi{z) only two terms of 
Dg will matter, namely the terms for and Uq, in view of the scalar 
products rrii ■ ^j- This yields 

£) RJz) = ^/O ^f(ni+...+nn+(i-2)no)^"^(z) 

5'9i ■■•9i 

As a result, Df^g E?=i(-l)*"^^i(^) gives (1 + 55^:^)6^ ^^^o'^^^ where we 
have used the fact that Yl^=i ~ ^^o- This shows that e-f ^'^o°''(^) maps 
to zero in Vf^g. It is amusing to notice that the coefficient in front is 
zero exactly when the dual to the quintic has additional singularities, 
i.e. when 9 is degenerate. 

As a result of the above calculation we see that the diagonal part of 
the quantum cohomology ring of the quintic is isomorphic to C[t]/t^, 
where t is the image of e.^"o°''(^). 

Remcirk 7.9. We can observe that the part of Wf^g that correspond 
to 9 comes from 



J m^°'{z)+n^°'{z)-{deg*)^°'{z) 

' 1 
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for the A-ring and comes from 

for the i?-ring, where \1/ is defined anafogously to $. This amounts to 
an action of the field 

We can compare this with the spectral fiow defined physically in jl2j, 
by noticing that formally S{z) = in view of the boson-fermion 

correspondence for the fermionic part of Fock^f^Tv 

To end this section, we remark on the relation to non-quantum 
stringy cohomology spaces of the Calabi-Yau hypersurfaces in toric va- 
rieties. These have been defined in jS] as follows. Let A and A* be dual 
refiexive polytopes in Mi and A^i = and let K and K* be the corre- 
sponding refiexive Gorenstein cones in the lattices M = Mi ©Z deg and 

= A^i ©Z deg*. Let Si be a regular fan in A^^i whose one-dimensional 
cones contain all vertices of A*. We can define a decomposition S of 
into a union of semigroups by extending S' into the Zdeg* direction. 
When intersected with K*, S becomes a fan, which we will denote by 
the same letter. Consider the partial semigroup ring C[M © A^]^. It is 
isomorphic as a vector space to the ring C[M © A^] but the multiplica- 
tion product is redefined by 

[{m + m) (B {n + n)], if n, fi G C, for some C G S 
0, otherwise. 



[m©n] [m©?2] 



We redefine the shifts 7rrt®n as multiplication in the partial semigroup 
ring. Then the stringy cohomology for the given two coefficient func- 
tions is again the cohomology of the differential of Lemma [7| 

One can use the redefined shifts 7m®n to construct partial lattice 
vertex algebra Fock^^^jy (see [Bj). Then one can still define coeffi- 
cient functions and the differential -D/,g. We denote the cohomology of 
Fock^^^ by Djg by V^^^. We claim that its chiral rings again equal 
the stringy cohomology. Indeed, the calculations for the A-rings are 
unchanged, since the differential -D/ is not affected by S, and Proposi- 
tion IHIHl still holds. It is slightly more difficult to show that the i?-ring 
of Vj^g can be calculated by the differential Df^g on the Hb = part of 
Fock^_jgg-)^j^* . Indeed, we can not simply follow the proof of Propo- 
sition IHIHl with the roles of K and K* interchanged, because we need to 
be able to degenerate C[ii'*]^ according to a fan $, which is impossi- 
ble. However, one can show that Vpg is isomorphic to Df^g cohomology 
of the space Fock(i^_deg)®iv by modifying the argument of j6i Proposi- 
tion 8.2] slightly. Then one can prove that Hb is nonnegative on Vf^g 
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and {Hb = 0)-part of j-cohomology of Fock^_jgg)^^ comes from 
Fock(]^_jjgg-)^^. , by following the arguments of Proposition I6.31 More 
specifically, we now assume that no ^ K*, which means that there 
exists a vertex m of A with rh ■ n < 0. The formula for Im is un- 
changed. We still basically have a Koszul complex, and can perform 
the degeneration argument with respect to a triangulation $. Instead 
of Box(C) we will be now dealing with Box(C) — deg. The inequality 
^ will then translate into 

Hb = aiTTii) ■ no - - ^) 

i li<0 

= aimi) ■ no -^nii ■ no > ^(ctj - ■ 

i li<0 li<0 

which will be positive due to the term for rrii = rh. The transition from 
Dj-cohomology to Df g cohomology in Theorem 16.61 is unchanged for 
the partial semigroup case. 

Remark 7.10. The dimensions of the chiral rings are clearly un- 
changed after passing to V^g, in view of the calculation of fSj that 
shows that the dimensions of Ri are unchanged. 

Remark 7.11. We have not mentioned the double grading on A-rings 
and 5-rings of Vf^g and V^g, which corresponds to the Hodge structure 
H = (BH^''^ on the stringy cohomology. The Hodge components are 
the common eigenspaces of J(o) and the grading deg ■ -|- ■ deg* which 
clearly descends to the cohomology of Df^g. It appears that in some 
vague sense, this grading is what's left of anti-holomorphic fields of 
the vertex algebra in the definition of Kapustin and Orlov JT] after 
taking d cohomology. However we do not know how to construct a 
Kapustin-Orlov vertex algebra responsible for mirror symmetry. 

8. Open questions 

Hopefully, the reader is convinced that the N = 2 vertex algebras 
Vf^g provide rich examples of vertex algebras. However, many of their 
properties are still not well-understood. We list here several open ques- 
tions of algebraic nature related to this construction, but this list is by 
no means complete. 

Question 8.1. Are Vf^g actually different as vertex algebras? This is 
important, since a negative answer would perhaps provide a non-trivial 
connection on the chiral rings of Vf^g. Of course, one has to look at 
generic pairs (/, g). 
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Question 8.2. Is there a way to see GKZ system of differential equa- 
tions 9j in the context of Vf^g7 This question seems related to the 
question of a connection on the space of V/g-s considered as a bundle 
over the space of the parameters {f,g). 

Question 8.3. Are algebras Vf^g generated by a finite number of fields? 
While some examples suggest this, we are not yet able to prove it in 
general. 

Question 8.4. It is not hard to show that for a given k there is a 
Zariski open set in the space of coefficient functions (/, g) such that 
the L(i) eigenspace of Vf^g has a constant dimension. Is it true that 
there is a Zariski open set that works for all k simultaneously? This is 
the question of whether Vf^g form a fiat family of vertex algebras over 
an algebraic parameter space. 

Question 8.5. The results of this paper provide the quantum and 
non-quantum stringy cohomology spaces of [8j with a ring structure. 
Is it possible to describe this structure without a reference to vertex 
algebras? Note that it is quite easy to see this product structure for 
the "diagonal part" as in Example 17. 8[ but the general case is at the 
moment open. 
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